In this note we will present a closed expression for the space-time effective action for all bosonic fields (massless and massive) obtained from the compactification of gravity or supergravity theories (such as type II or eleven-dimensional supergravities) from D to d space-time dimensions.
Introduction
A diversity of matter fields and interactions in a d-dimensional space-time can sometimes be described by a simpler theory in higher, say D, dimensions. This idea was pioneered almost 100 years ago by Kaluza and Klein in an attempt to unify four-dimensional electromagnetism and gravity in terms of five-dimensional gravity. It is still one of the most intriguing approaches to unify gravitation with other forces in nature. It unifies different phenomena in d dimensions and makes predictions. In the original Kaluza and Klein case one massless scalar was predicted.
Supergravity theories in D = 10 or D = 11 dimensions are a natural starting point. In this note we take the ground state to be a direct product of d-dimensional Minkowski space-time, M d , and a smooth and compact Riemannian manifold Y . We are primarily interested in preserving supersymmetry in space-time which requires the holonomy group of the metric on Y to be a certain subgroup of the orthogonal group. The different possibilities are on Berger's list.
We then wish to describe the fluctuations about the ground state. Our goal is to construct the d-dimensional space-time effective action for all fields, not only the massless sector. To do this our guiding principles are locality in d and D − d dimensions. Locality in d dimensions is achieved by letting the fields depend covariantly on space-time coordinates. Moreover, these fields are also functions or forms along Y . This is locality in D − d dimensions. The coordinates on the internal space are then interpreted as labels in the d-dimensional theory. The results are most naturally written using abbreviated "DeWitt" notation [1] .
In this note we will present a closed expression for the space-time effective action for all fields (massless and massive) obtained from the compactification of type II and eleven-dimensional supergravities to d space-time dimensions. In a forthcoming publication [2] we will present the manifestly supersymmetric actions. Some of the interactions were predicted in ref. [3] . With the component actions at hand it should be possible to obtain the full action in superspace and compare with the predictions of ref. [3] . Our approach has similarities with the program begun in refs. [4] , in which eleven-dimensional supergravity fields were written according to a 4 + 7 split of the space-time coordinates, as an intermediate step to making manifest a local SU(8) symmetry. However, the goal of the present work is to give a completely general result for the reduction of gravitational theories.
In section 2 we study the compactification of the Einstein-Hilbert action to arbitrary space-time dimensions. We present a closed expression for the space-time effective action for fields arising from the metric and we analyze the non-abelian gauge symmetry arising from diffeomorphisms. In section 3 antisymmetric tensor fields are discussed. We consider both kinetic and Chern-Simons terms. In the summary we present the complete action for all fields in an example. Using the results presented in this paper an action for all fields for the compactification of any supergravity theory to any number of space-time dimensions can be written down.
Einstein-Hilbert action
The Einstein-Hilbert action in D space-time dimensions is
Here we have included an unspecified function q. This function can depend on fields (for example, the dilaton in type II supergravity in the string frame) but does not depend on the metric. In D = 2 dimensions q can be removed by a metric rescaling, but often we may wish to work in a frame (like the string frame) which includes non-trivial q.
We wish to construct the action for the fluctuations about the ground state with metricĜ M N . To do this we expand the metric G M N about this ground state
The Christoffel symbol becomes
where δΓ
is a tensor. After partial integration the gravitational action becomes
Note that this result includes all orders in the perturbations of the metric. The inverse metric G M N will, in general, be an infinite expansion since it is obtained by inverting eqn. (2.2). Here and in the following hatted quantities refer to the ground state. So, for example,∇ is the Levi-Civita connection of the background metric.
Compactification
Next we take the ground state to be M d ×Y , where M d is d-dimensional Minkowski space-time with coordinates x µ , µ = 0, . . . , d − 1 and with metricĜ µν = η µν and Y is a (D − d)-dimensional internal manifold with coordinates y a , a = d, . . . , D and metricĜ ab =ĝ ab (y). We take the holonomy group of the metric on Y to be a subgroup of the orthogonal group, which leads to some amount of unbroken supersymmetry in space-time. Moreover, we remark here that we are not interested in engineering a ground state with particular properties. Rather we take the internal space to be the most generic special holonomy manifold and we wish to describe the fluctuations about this ground state in full generality.
The fluctuations are encoded in the metric 6) and its inverse
The fields depend on x µ , since these are d-dimensional fields, while the y a dependence is interpreted as a continuous label carried by the space-time fields. Any D-dimensional metric can be written in this form. Note that the inverse metric contains terms which are at most quadratic in A a µ , and as we will see next the action contains terms which are at most quartic. The ground state corresponds to
The action
Using the metric (2.6) and its inverse (2.7) the action (2.5) becomes
with kinetic terms
potential terms
and gauge field action
14) withĝ = detĝ ab (y) and g = det g ab (x, y). Moreover, we have defined the field strength
and covariant derivatives
In section 2.2 we will explain the symmetry of the space-time effective action arising from D-dimensional covariance. This will determine the choice of field strength and covariant derivatives.
Since the ground state metric is Ricci flat we have set
But note that in deriving the space-time effective action we have not used the Ricci flatness of the internal space anywhere. A compactification on a non-Ricci flat space, say a sphere, leads to the effective action presented in section 2.2 together with an additional term obtained by taking the first term in the bracket of eqn. (2.5) into account. This action can be further rewritten to obtain canonical kinetic terms, for example. While the above result is general, further simplifications are case dependent. Both h µν and g ab can be further rescaled to obtain an action with some desired properties. For example, as we show below in the context of eleven-dimensional supergravity, h µν can be rescaled by appropriate functions to obtain canonical kinetic terms. It is straightforward but tedious to show that canonical kinetic terms can indeed be obtained for any value of D and for d > 2.
Symmetries
In general relativity the space-time is a Riemannian manifold. The physical equations are covariant in the sense that they preserve their form under coordinate transformations x M → x ′M . If the coordinate transformation is close to the identity we set
where ξ M is a vector field. The metric then changes by the infinitessimal amount
Once compactified, covariance in D dimensions gives rise to the symmetries of the space-time effective theory in d dimensions.
Next we derive how space-time fields change after coordinate transformations with parameters ξ a = ξ a (x, y) and ξ µ = ξ µ (x, y). Lets consider the coordinate transformations with parameter ξ a first. Given the transformation of the metric in eqn.(2.19) it is a small exercise to determine how space-time fields transform. The result is
(2.20)
The covariant derivatives defined in eqn. (2.16) transform nicely (no space-time derivatives of the gauge parameter appearing) under coordinate transformations with parameter ξ a . Indeed,
while for the field strength we find
Next consider coordinate transformations with parameter ξ µ . We find
General coordinate transformations of the d-dimensional space-time correspond to transformations with parameter ξ µ = ξ µ (x) with no y dependence, and for ddimensional Minkowski space the global Poincaré transformations correspond to
However, the above transformations are more general. We note that when combined with the non-abelian gauge transformations in space-time explained in detail in the next section the external diffeomorphisms generated by ξ µ give rise to an algebra which extends the Poincaré algebra in a non-trivial way. It will be fascinating to further study properties of the resulting algebras [2] .
The non-abelian gauge symmetry in space-time
The diffeomorphism group on the internal manifold Y is the group of all one-to-one differentiable maps of Y onto itself. The inverse maps are also differentiable. The group multiplication is the composition of maps. This group is denoted by Diff(Y ). A diffeomorphism that is sufficiently close to the identity can be interpreted as a coordinate transformation
for some vector field ξ a = ξ a (x, y). We take the x dependence to be arbitrary but fixed. As we explain next Diff(Y ) appears as a gauge symmetry in space-time. It is an unconventional gauge group, since it is infinite dimensional. The structure constants of the associated Lie algebra can be found in ref. [1] , for example.
To interpret Diff(Y ) as gauge symmetry it is most convenient to use abbreviated "DeWitt" notation [1] . We use this notation for all indices pertaining to the internal space while we keep the space-time indices explicit. From the d-dimensional space-time point of view, y should be viewed as part of the field label rather than as a coordinate. To make this manifest, we will write, for instance
where we have suppressed the y dependence and where a now stands for the index combination (a; y). This combination will be considered as a composite index labeling the d-dimensional gauge fields. A sum over field labels should then include an integral over y as well as a sum over a. A prime on an index, say A a ′ µ (x), is a condensed notation for A a µ (x, y ′ ). Let us briefly review the situation for a finite dimensional gauge group with the aim of generalizing to the infinite dimensional case. The reasoning below will later also be applied to tensor fields. In the finite dimensional case the infinitesimal gauge transformations and the field strength are related to the structure constants by δA and in this case we have
If the gauge transformations act linearly on the space of scalars φ m , 
are the structure constants of the diffeomorphism group. Indeed, note that in uncondensed notation the second term on the right hand side of eqn. (2.31) is
33) which by explicitly evaluating the integral becomes
Here we have identified λ a = ξ a . In the last step we used that the dependence on Christoffel symbols cancels out of this expression, and we have suppressed the x dependence. Moreover, in abbreviated notation the field strength (2.15) is
as can be easily verified. The scalar fields, q and g ab , both transform linearly (and don't mix) under these gauge transformations. As above, if we use abbreviated notation q y = q(x, y) and g ab (x) = g ab (x, y), we have the representations
Again, these have been chosen to match the previous expressions for δq and δg ab . And again, it is a short calculation to show that these do indeed furnish a representation of the infinite dimensional non-abelian group by verifying that eqns. (2.36) and (2.37) satisfy eqn. (2.30). We also note that the covariant derivatives defined in eqn. (2.16) take the form 
Eleven-dimensional supergravity
In this subsection we elaborate the example of eleven-dimensional supergravity [6] compactified to d space-time dimensions. Compared to the previous section we further rescale the space-time metric to obtain canonical kinetic terms.
The Einstein-Hilbert action in eleven dimensions is
We take the eleven-dimensional metric to be of Kaluza-Klein form
Here we have rescaled the fields h µν by the function
to obtain a canonically normalized Einstein-Hilbert action in d > 2 dimensions. The effective action separates into a kinetic piece
and the gauge field action
where
The above expressions are valid if d = 2. In two dimensions the Einstein-Hilbert action is scale invariant and a canonically normalized Eintein-Hilbert action cannot be obtained. As discussed in section 2.3 this action describes an unconventional gauge theory with gauge group Diff(Y ). Again, our goal is generality, which we achieve by keeping locality along Y manifest. If however Y = S 1 , for example, the fields can be Fourier transformed. The above action then describes a finite set of massless fields and an infinite tower of massive states. There is a massless graviton and an infinite set of massive spin 2 fields. In addition there are vectors and scalars.
The covariant derivatives D α are
(2.47)
Note that for simplicity we have used the same symbol h µν to denote two different fields. The field used here differs from the one used in sections 2.1 and 2.2 by a factor of f .
Anti-symmetric tensor fields
The standard kinetic term for antisymmetric tensors F = dC in D dimensions is
We wish to construct the d-dimensional space-time effective action.
Compactification
The cleanest method to obtain the space-time effective action is to use the following basis of the cotangent space
and the dual basis of the tangent space
We call this the "new basis". Given the pairing , :
the new basis was chosen such that A differential n-form ω can then be expanded in either basis
Explicitly the components of a differential form with r indices parallel to Y and s indices parallel to M d are ω a 1 ...arα 1 ...αs = ω a 1 ...arA 1 ...As (δ The inverse relation is ω a 1 ...ar α 1 ...αs = ω a 1 ...arA 1 ...As (δ In order to avoid cluttering the equations we sometimes label the components of tensors in the new basis by typewriter letters, for example C, F. The components of the exterior derivative of a differential n-form expanded in the new basis are
(3.9)
As an illustrative example lets work out the details of a three-form potential. The components in the two bases are related by
(3.10)
Internal diffeomorphisms
The transformation properties of the tensors T under infinitesimal coordinate transformations y ′a = y a − ξ a (x, y) are
In abbreviated notation we set
and the infinitessimal change of C takes the form
(3.14)
So, for example, the infinitessimal change of the three-form is
after a coordinate transformation with parameter ξ r . Using eqn. (2.38) this can be used to define derivatives D α , which transform covariantly under internal diffeomorphisms. We find
(3.16)
Gauge transformations
The gauge invariance of the p-th rank antisymmetric tensor δC = dΛ with Λ being a (p − 1)-form leads to invariances of the space-time effective action. So for example, if p = 3 we need to consider 3 different transformations, by parameters Λ ab , Λ αa , and Λ αβ . (3.17)
To avoid cluttering the formulas we use the same symbol Λ for all transformations. The different types of space-time transformations are specified by the index structure of Λ. We find
We note that the components of Λ in eqn. (3.17) are tensors in D dimensions. So the components of Λ change according to eqn. (3.11) after an internal diffeomorphism. Correspondingly the components of Λ are in the representation (3.14). We have defined the covariant derivatives of Λ accordingly
We can write
Comparing with eqn. (3.18) we find
We have written these expressions in a form that applies to a p-th rank antisymmetric tensor with any number of space-time indices. So to compare with eqn. (3.18) set p = 3 and take n = 0, . . . , 3.
The components of F = dC expressed in the new basis are covariant under internal diffeomorphisms in the sense that these transform according to eqn. (3.11) and are invariant under the gauge transformations of the antisymmetric tensor. For p = 3 we find the corresponding field strengths
We note ∂ a = D a and moreover, covariant derivatives∇ a could have been used instead of ∂ a since the connections drop out when anti-symmetrizing. And in general
(3.24)
The kinetic and potential terms
Next we present the part of the effective space-time action arising from the kinetic term of a p-th rank antisymmetric tensor in D dimensions. We first present our result for eleven-dimensional supergravity, elaborating further the p = 3 example, and then we present the result for general p. As an illustrative example we also choose the space-time dimension d = 4. The form action in eleven-dimensional supergravity is
The eleven-dimensional three-form C gives rise to scalars C abc , vectors C abµ and tensors C aµν and C µνλ in d dimensions. In the following we explain the choice of space-time fields and we present the effective action. We find
i.e. the action is the sum of the contribution from scalars, vectors and tensors. First, there are space-time scalars C abc which are three-forms on Y . The spacetime action is
where f was defined in eqn. (2.42). The first bracket is the kinetic term for spacetime scalars C abc which are charged under the non-abelian gauge group arising from internal diffeomorphisms A a µ and the abelian gauge field C abµ . The second term is a potential for the scalars C abc arising from the antisymmetric tensor and the scalars arising from the internal metric g ab .
We note that the variation of the last term in F αβab in eqn. (3.23) under (3.18) does not involve a space-time derivative. We therefore find it more convenient to define a new gauge field tensor
(3.28)
After this redefinition the gauge kinetic term is
Moreover, the action for tensors is
In general, the space-time effective action arising from a rank p antisymmetric tensor in D dimensions is again the sum of the contribution of scalars, vectors and tensors
Using as a starting point the D-dimensional action where F = dC and C is a p-form, we obtain
Here using the same reasoning as before we defined the gauge field F µνa 1 ...a p−1 according to
It is then easy enough to modify these concrete expressions to include overall scalar functions or numerical coefficients in eqn. (3.32).
Chern-Simons terms
Supergravity and string effective actions also include in general Chern-Simons terms. For example, in eleven-dimensional supergravity
Let us first dimensionally reduce this action to four space-time dimensions. The most practical method is to expand the differential forms in the new basis. Given, for example, a vector V in D dimensions the relevant expansion is
Applying this expansion to each index independently organizes the Chern-Simons term into For generic supergravity theories the Chern-Simons terms are contributions to the action, which depend on some p-form potential C, yet are gauge invariant. This potential can, for example, be a RR, NS-NS potential or the three-form of eleven-dimensional supergravity. Schematically the Chern-Simons terms take the form S cs ∼ C ∧ Ω, (3.39) where Ω is a closed form constructed from field strengths. For eleven-dimensional supergravity Ω = F ∧F , for example. Even though the concrete expressions depend on the D-dimensional theory that is being reduced and the space-time dimension d, the method described above applies in general. Since using this method it is straightforward to work out the contribution to the space-time effective action but the results are case dependent we only present concrete results for the eleven to four reduction discussed above.
Stückelberg mechanism
Typically, one would like to understand how to fix as much of our gauge freedom as possible and determine the physical spectrum, especially the space of massless fields. In this section we only need to work to linearized order in the transformations and field strengths. Let's start by considering the case (D, d, p) = (11, 4, 3). The variations are given in (3.18) and the field strengths in (3.23). Take the spacetime coordinate x to be arbitrary but fixed. According to Hodge's theorem the three-form C abc can be decomposed into harmonic, exact and co-exact pieces, and we can use the gauge freedom from Λ ab to gauge away the exact piece. Once this is done, the kinetic terms F 2 µabc for the exact three-forms become mass terms for the vectors C µab which are non-closed two-forms on the internal space. This is the usual Stückelberg mechanism in which the non-closed two-form C µab becomes massive after "eating" the exact piece of C abc . In the same way a non-closed one-form C aµν becomes massive after "eating" the exact piece of C abµ (equivalently the exact pieces of C can always be gauged away). The potential in eqn. (3.27) gives a mass to any non-closed scalars arising from the three-form. Thus at each level harmonic forms are all that remain as massless fields in four-dimensions; the remaining fields can either be gauged away or become massive.
More generally, we have the terms with coefficients q (n) in eqn. (3.20) . Each q (n) is a linear operator from the space of fields that are (n + 1)-forms in the ddimensional space-time to the space of fields which are space-time n-forms. In our case these are the spaces of (p − n − 1)-forms and (p − n)-forms, respectively, on the internal manifold, and q (n) is simply the usual exterior derivative. As before, we can gauge away each field in the image of q (n) , i.e. each exact form, and each field that is not in the kernel of q (n) , i.e. non-closed forms, gets a mass via the
